A-calculus (part 1)



INntroduction

f(X)=3"X + 1 f(8)=3"8+1

X — 3"X + 1

AX.3* X+ 1 (AX.(3"xX+1) 8) = 3*8+1

(AX.B A)—p B[x:=A]



Already un many languages

Maths

X > X gt (gf)r (xrg(fx))
ML

fun X -> X fun g f->fun x-> g (f x)
Scheme

(lambda (x) x) (lambda (g f) (lambda (x) (g (f x))))

JavaScript
function (x) {return(x);}

A calculus
AX.X Ag.AFAX.(g (T X))




Abstract syntax

Term 2 Variable
| A Variable.Term abstraction
| (Term Term) application

In AX.B, B is called the body of the function

Church wanted X.B
Typewritters do "x.B
Then A\X.B

Finally Ax.B



Notations

Curryfication

AX.(AY.B) = AX.Ay.B = Axy.B
(FA)C)=(FAC)
Example (g,f) » (X » g (f X)) is AgtX.(g (f X))
Redex : Reducible expression

let x=A in B 2 (\x.B A)



Tree representation

AX.X




3-reduction rule

(AX.B A)—p B[x:=A]

@
/N 5
A

|
AA A
B
X X X



Substitution



Bound variables

Bound(x) %)
Bound(Ax.B) Bound(B) u {x}
Bound(F A) = Bound(F) u Bound(A)

Bound(Ax.x) = {x}
Bound(Axy.x) = {X,y}
Bound(Ax.xy) = {x}
Bound(AX.(X Ay.(f y)))={x,y}



Free variaples

—ree(Xx) = {x}
Free(A x.B) = Free(B) - {x}
~ree(F A) = Free(F) u Free(A)

Free(Ax.x) = @ Free(\x.(x y)) = {y)
Free(Axy.x) = @ Free(Ax.(x Ay.(f y)))={f}

Tis aclosedterm < Free(T)=O
sometimes called combinator



Bound and Free are not
related

Boun ree(T)=J

Bound(x Ax.xX) = Free(x Ax.x) = {X}

Closing a term by adding abstraction on the outside



Substitution

B[x:=N] : the substitution in a term B of all free
occurrences of the variable x by N

=N
X:=N] — Yy (X£y)
(F A)[x:=N] — (F[x:=N] A[x:=N])



Substitution (cont)

(Ay.x)[x:=y] = (Ay.x[X:=Yy])
— (Ay.y)

(Ay.B)[x:=N] = Ayv.B  xg{y} u Free(B)
(Ay.B)[x:=N] = Ay.(B[x:=N])  ye&{x} u Free(N)

And when xeFree(B) A yeFree(N) ?

(Ay.B)[x:=N] = Az.(B[y:=z][x:=N])
with z a fresh variable

zz{x,y} u Free(B) u Free(N)



Barendregt convention

Convention : For all sub terms, a variable cannot
be both free and bound

Bound(x Ax.x) = Free(x Ax.x) = {X}

AX.(X AX.X) for all sub terms
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alpha equivalence

P means P = Q
X Eqg X Q

I:‘l EQA‘I A\ F2 EQAZ

B1 =q Bo[xo:=x1]
AX1.B1 =q Ax2.Bo

Xo ¢ Free(B) Bi =q B>

(F1 A1) =a (F2 A2)

AX1.B =q AX2.B[X1:=X2] AX.B1 =q AX.B>

B1[X1:=z] =q Bo[x2:=Z]
AX1.B1 =q Ax2.Bo2

with z a fresh variable
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de Bruijn

Term := Nat
| ATerm
| Term Term
What about free
AX.X = A.O variables 7
AXY.X = AT What about the

substitution ?
Agfx.(g (f X)) = AAA(2 (1 0))
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Strategy



Reduction strategies

. . B1 —p Bo
AX.(l ) is not directly a redex \.B1 —p Ax.Ba
Strong reduction
@
((I' 1) 1) is not directly a redex @/ N
/7 \
F1 —p Fo

(weak) Call by need (F1 A) —p (F2 A)
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Reduction strategies

(I (1)) have 2 redexes

@ outmost -> call by name

(I (I x)) have no cbv redex

AX B V)_)Bv B[x:=v] Calby value



Contexts

A context is tree (AST) where a sub-tree
IS replaced by a hole

3*X + 2
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Ast and Context

C:=1]
T:=n|x]|...
OpL CT
I OpTT OPRTC

C[E] fill the hole of the context with E

3*X + 2 = (3*[] + 2)[x] = C[x]
C[5] =35+ 2 Clx+y] = 3*(x+y) + 2



reduction contexts

€1 —76€2

Cle1] —» Clez]

C2[] | xC | CTerm | Term C —)B

C2[] | CTlerm | Term C —)BV

C2[] | CTerm _)B”



Transitive closure

M1 —pg Mo
M1 —p+ Mo

M1 —p* M2 A Mo —p* M3
M1 —p+ M3

dessin avec extension sur un graphe

23



Reflexive transitive closure

Mq —pt Mo
M1 —p" Mo

M —g" M

A —g" B means that B can be reach
from A with O or more beta-reduction

T is said in normal form if no more reduction
can be applied

AX.X and AX.(x x) are in normal form

AX.(Ay.y X) is in normal wrt the cvb strategy (head
normal form) but not with a strong reduction
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Confluence

/\
\/

Thus, the normal form of any term T, if exists, is unique
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Operators



FIXpoint operator

A = M. () Y = M.(A Ag.(f (g Q)))
In=n*I(n-1)  f=An.(*(fn)) =An.(* (* (fn))) = ...
Arn.(* (r n))
(Arn.(* (r rn)) Arn.(* (r r n)))
(A Agn.(" (g g n)))=(A Ag.An.(* ((g g) n)))
< (A Ag.(Mn.(" (rn)) (9 9)))
< (ML(AAg.(T(g9)) Arn.(* (rn))) = (Y Arn.(* (rn)))



Y property

Y = A.(Ag.(f (g 9)) Ag.(f (0 9)))

L =
=~ __ O
oo 2
g N
~- L
- @)
oL

< .\A
)g



Booleans

true = Axy.x false = Axy.y
if = Abte.bte
(if true T E) = (Abte.bte Axy.x T E)
— (AxXy.X T E)
=T
(if false T E) = (Abte.bte Axy.y T E)
— (Axy.y T E)

— E
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Cartesian product

car = \p.(p true) cdr = \p.(p false)

cons = Aadb.(if b a d) = Aadb.(b a d)

(car (cons X Y)) = (car (Aadb.(b ad) XY)
— (car Ab.(b XY))
= (Ap.(p Axy.x) Ab.(b X Y))
— (Ab.(b X'Y) Axy.x)
= (AXYy.X X'Y)
— X



Natural numbers

0 = AfX.X 1 = Afx.(f X) 2 = NX.(T (f X))
0? = An.(n Ax.false true) 1+ = Anfx.(f (n f X))
+ = Amn.(m 1+ n) *=xmn.(n (+ m) 0)

A= mn.(n(*m)1)

exo : 1+ = Anfx.(n f (f X))

exo + = Amnftx.(m f (n f X)) exo * = Amnf.(m (n 1))



Natural numbers

Z? = \n.(n true) P = An.(n false)
Z = \b.(if b true ?) S = Anb.(if b false n)

(P (S N)) = (A\n.(n false) (Anb.(b false n) N))
— (An.(n false) Ab.(b false N))
— (Ab.(b false N) false)
— (false false N)
- N



LISts

nth = Anl.(car (n cdr |))

nil = \x.true

null? = Ap.(p Axy.false)

(null? nil) = (A\p.(p Axy.false) Ax.true)
— (Ax.true A\xy.false)
— {rue

(null? (cons X Y)) = (Ap.(p Axy.false) (cons X Y))
— ((Aadb.bad X Y) Axy.false)
— (Ab.(b X'Y) Axy.false)
— (Axy.false X Y)
— false
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